A nonlinear theory is developed to describe the cylindrical Richtmyer-Meshkov instability (RMI) of an impulsively accelerated interface between incompressible fluids, which is based on both a technique of Padé approximation and an approach of perturbation expansion directly on the perturbed interface rather than the unperturbed interface. When cylindrical effect vanishes (i.e., in the large initial radius of the interface), our explicit results reproduce those [Q. S.-I. Sohn, Phys. Fluids 9, 1106 (1996)] related to the planar RMI. The present prediction in agreement with previous simulations [C. Matsuoka and K. Nishihara, Phys. Rev. E 73, 055304(R) (2006)] leads us to better understand the cylindrical RMI at arbitrary Atwood numbers for the whole nonlinear regime. The asymptotic growth rate of the cylindrical interface finger (bubble or spike) tends to its initial value or zero, depending upon mode number of the initial cylindrical interface and Atwood number. The explicit conditions, directly affecting asymptotic behavior of the cylindrical interface finger, are investigated in this paper. This theory allows a straightforward extension to other nonlinear problems related closely to an instable interface. V C 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
When an incident shock collides with a corrugated interface separating two fluids of different densities, the interface is with Richtmyer-Meshkov instability (RMI). 1, 2 Another wide class of RMI, not related to the shock-interface interaction, is driven by the nonuniform vorticity on the interface, either initially deposited or supplied by external sources. 3 RMI has great relevance to inertial confinement fusion (ICF) and astrophysical problems. 4, 5 As the incident shock collides with the material interface, it bifurcates into a transmitted shock and a reflected wave. The reflected wave can be either a shock wave or a rarefaction wave, which depends on the material properties of the fluids across the interface and the incident shock strength. When the shock collides with the material interface from the light fluid phase to the heavy fluid phase, the reflected wave is a shock; otherwise, it is a rarefaction wave. See Ref. 6 for further details of the reflected wave types. For the case of the reflected shock, the perturbed interface grows linearly at first, and then exhibits in the shapes of bubbles, and spikes in its weakly nonlinear regime. The bubbles (spikes) refer to the portions of the light (heavy) fluid entering the heavy (light) fluid. For this case, the fluids near the material interface can be approximated to be incompressible after both the transmitted shock and reflected one depart from the interface.
Some experiments [7] [8] [9] and numerical simulations [10] [11] [12] [13] [14] [15] on the growth rate of the RMI interface have been performed, and several theories [16] [17] [18] [19] [20] [21] [22] have been predicted by different approaches. Most of these theoretical literatures just concerned with the linear growth rate of the interface at earlier stage. For several decades, theories could not give a quantitatively correct prediction for the growth rate of RMI interface in the nonlinear regime until Zhang's nonlinear theory 23 was published. The theory provided a pretty result for the planar RMI interface. The prediction of this theory, based on the case of a reflected wave, is in excellent agreement with the results of full nonlinear numerical simulations, and with experimental data from the earlier linear stage to the later nonlinear stage. In this theory, the perturbation solutions in weakly nonlinear regime led to a perfect Padé approximation which gave the final result by matching the linear solution and the asymptotic solution. In addition, Velikovich and Dimonte 24 successfully investigated the incompressible RMI by using the Padé approximation based on nonlinear perturbation theory.
Most previous works focused on the planar RMI, however, only a few 3,24-29 dealt with the cylindrical RMI which is much closer to the applications, such as ICF. For cylindrical RMI, scaling laws for unstable interfaces driven by strong shocks were researched numerically. 27 The effect of convergence on the interface growth rate was studied experimentally on the OMEGA laser. 28 In Ref. 29 , the dependence of growth rates of a bubble and spike on the fluid densities and on mode number involved in the initial perturbations was seeded analytically by employing the method used in the investigation. 23 A crucial step of the method is based on the fact that the physical quantities on the perturbed interface are expanded into Taylor series indirectly on the unperturbed interface. This step is considerably complex, especially to the cylindrical system. In this paper, for the case of the reflected shock, we employ a simple a) Author to whom correspondence should be addressed. method based directly on the perturbed interface to solve the cylindrical RMI problem in weakly nonlinear regime by considering the nonlinear correction up to fourth order. Applying the technique of the Padé approximation results in the growth rates of the interface fingers for the whole nonlinear regime.
II. THEORETICAL FRAMEWORK AND EXPLICIT RESULTS
Our insight starts from the time when the reflected and transmitted shocks leave the interface and the fluids in the vicinity of the interface can be regarded as impressible ones. In the cylindrical geometry (r, h, z), the initial interface is given to be located at
where n ¼ 2pr 0 /k is mode number, r 0 is the initial radius of the interface, k is perturbation wavelength, and a 0 is the perturbation amplitude of the interface (a 0 ( minfk; r 0 g). The initial velocity distribution of the interface is @aðh; tÞ @t
where v 0 is proportional to a 0 in the magnitude. The interface a(h, t), due to the cylindrical RMI, evolves with time. It is dominated by
where Atwood number A ¼ (q 1 À q 2 )/(q 1 þ q 2 ) with q 1 and q 2 being fluid densities, and / i is velocity potential function of the fluid, and f(t) is an arbitrary function of time. Throughout this paper, we determine the subscripts 1 and 2 corresponding to the physical quantities at the inner and outer regions of the interface, respectively. Accordingly, A > 0 corresponds to a case of an incident shock traveling from the lighter fluid outsider the interface to the heavy one insider the interface, and A < 0 means a case of an incident shock advancing from the lighter fluid insider the interface to the heavy fluid outsider the interface. The interface and velocity potentials at time t can be expressed as
where the parameter e ¼ a 0 /j with j ¼ minfr 0 ; kg is much less than 1 and L ¼ 4 is selected. Gauss symbol bl=2c denotes the maximum integer which is less than or equal to l/2. The time function f(t) determines whether the unperturbed interface moves with time: the interface will keep resting when f(t) : 1; otherwise, it will move from the initial position r (t ¼ 0) ¼ r 0 . Unknowns a l;lÀ2m ðtÞ; / 1;l;lÀ2m ðtÞ, and / 2;l;lÀ2m ðtÞ ½l ¼ 1; 2; Á Á Á ; m ¼ 0; 1; Á Á Á ; bl=2c always need to be ascertained. Note that velocity potentials / 1 ðr; h; tÞ and / 2 ðr; h; tÞ have satisfied the Laplace equation (3a) and conditions r/ 1 ðr; h; tÞj r!0 ¼ 0 and r/ 2 ðr; h; tÞj r!þ1 ¼ 0.
We substitute Eqs. (4a)-(4c) into Eqs. (3b)-(3d) and then replace r in these three resulting equations with a(h, t) expressed by Eq. (4a). The final equations containing h and e are obtained. To further obtain the lth (l > 0) order equations just including the terms of e l , we need to expand the left hand sides of these three final equations in Maclaurin series of e. Here, the zeroth order equations, considering the effect of arbitrary function f(t), can be satisfied automatically. Therefore, the first-, second-, third-, and fourth-order equations together with the initial conditions (1) and (2) can be solved successively.
The results related to perturbed interface are
where
Taking wave number k ¼ 2p/k and mode number n ¼ 2pr 0 /k into account, one obtains n ¼ kr 0 . Replacing n in Eqs.
(5a)-(5d) with kr 0 , and taking the limit r 0 ! þ1, the results corresponding to the planar geometry predicted by Ref. 23 are reproduced. That is, in the condition of large r 0 , the cylindrical RMI problem is reduced to the planar one.
III. PADÉ APPROXIMATION AND DISCUSSION
To probe into growth rates of spikes and bubbles for A > 0 case, we select a spike located at h ¼ 0 and a bubble at h ¼ p/n. Letting v sp and v bb denote the growth rates at the tips of spike and bubble, respectively, one has
; tÞ þ _ a e ð0; tÞ; (6a)
where the dot over a letter denotes the time derivative. The a o and a e result from odd and even (including the nonoscillation terms, i.e., zeroth harmonic) cosine Fourier modes, respectively. The _ a o represents the overall growth rate defined as
and _ a e means ðv sp þ v bb Þ=2. They are
As is well known, above solutions can just serve to describe the interface movement in the weakly nonlinear regime. For the stage of the nonlinear regime prior to turbulent mixing, these weakly nonlinear solutions fail to play a correct role. One of the standard methods to extend the range of validity beyond the range of the finite Taylor series expansion is a Padé approximation. 23, 24, 30, 31 Applying the Padé to Eq. (8a), one has
Equation (9) is selected as P 
. ¼ 3a
It is worth noting that the expressions of Padé (9) and (10) obtained for the cylindrical geometry can be reduced to Eqs. (53) and (54) 23 when n ¼ kr 0 and in the limit of large r 0 . Thus, the growth rates of the spike tip (6a), bubble tip (6b), and the overall interface (7) based on Padé approximations (9) and (10) are formulated for A > 0 case. For A < 0 case, the positions of a bubble and a spike need to be exchanged each other. In addition, based on the singularity of Padé approximation, Eqs. (9) and (10) are available for the physical parameter space n 2 þ An À 2 > 0, ./n > 0, and v/n > 0 with n = 0. In fact, when a 0 is much smaller than k or r 0 , the fully nonlinear evolution of the interface does not much depend on the initial amplitude a 0.
32 As a result, under the condition a 0 ¼ 0, expressions (9) and (10) normalized by r 0 and v 0 can be reduced to
where symbol^denotes the normalized physical quantity.
To confirm the validity of the theoretical prediction, we show the normalized growth rates of the bubble and spike against normalized time at A ¼ À0.2 [A ¼ 0.2] for variable mode numbers in Fig. 1(i) [Fig. 1(ii) ]. The corresponding growth rates with the same mode numbers as ours can be seen in Figs. 2(a) Fig. 1 (ii)] in this paper. However, the trends of the growth rates of the bubble and spike are the same. Figure 1 shows that for smaller Atwood number (i.e., A ¼ 60.2), the normalized growth rate v/v 0 of outgoing bubble (spike) or ingoing spike (bubble) tends to different values with time, depending on mode number. When mode number is larger, the v/v 0 of the bubble and spike approaches zero. The larger the mode number is, the faster the v/v 0 reaches zero. For the smaller mode number (e.g., n ¼ 1), the movement of outgoing bubble (spike) becomes slowly with time, while the ingoing spike (bubble) accelerates its speed toward to the center of the inner fluid. It is evident that mode number directly influences the evolution behavior of the bubble and spike.
To seek effect of Atwood number on the bubble and spike, we show the v/v 0 of bubble and spike for A ¼ 60.8 with normalized time in Fig. 2 . Atwood number has a dramatic influence on the evolution of the bubble and spike, especially on outgoing bubble and ingoing spike in Fig. 2(i) , where the v/v 0 does not tend to zero for mode number n ¼ 1, 2, 3, or 8. As a result, it is necessary to investigate asymptotic behavior of the bubble and spike. From expressions (11a) and (11b), we have
otherwise:
_ a e ð0;t ! þ1Þ ¼ 0:
In accordance with growth rates (6a) and (6b), we can get
and
These expressions show that for the case of 2A 2 n 2 À 4An Àn 2 þ 3 < 0, the normalized asymptotic growth rates of outgoing spike and ingoing bubble are both zero; otherwise, they, respectively, tend to 1 and À1. Relationship 2A 2 n 2 À 4An À n 2 þ 3 < 0 means mode number n between A ð1Þ c and A
Þ . That is to say, when mode number is between A ð1Þ c and A ð2Þ c corresponding to region II shown in Fig. 3 , the asymptotic growth rate of neither outgoing (ingoing) bubble or ingoing (outgoing) spike tends to rest; otherwise (i.e., regions I and III shown in Fig. 3) , it does to its initial value. Especially for the ingoing spike, shown in Figs. 1(i) and 2(i), the asymptotic growth rate profoundly influences the time evolution of the spike. For calculation simulations, the prompt acceleration of ingoing spike directly makes the calculation break down easily. 
IV. CONCLUSION
In summary, we apply an approach of the perturbation expansion to explore the problem of cylindrical RMI in incompressible, inviscid, and irrotational fluids directly at the perturbed interface rather than the unperturbed one and obtain the explicit solutions up to the fourth order in the weakly nonlinear regime. Padé approximation employed in the perturbation solutions results in the nonlinear results which are valid for the full nonlinear regime before turbulence mixing. In the limit of large initial interface radius, our results reproduce the previous work 23 which is extremely valid for the planar case. Comparison between the fully nonlinear simulation from Matsuoka and Nishihara 3 and our explicit prediction is manipulated, and the qualitative agreement denotes that the theoretical results are helpful to better understand cylindrical RMI. The asymptotic growth rate of outgoing bubble (spike) or ingoing spike (bubble) tends to either its initial velocity or zero, depending on mode number and Atwood number. This theory provided here allows a straightforward extension to other nonlinear problems related closely to an instable interface.
